Abstract. Let k be a positive integer and p be a prime. We show that if p a k < 2p a or k = p a q + 1 (with 2q p) for some a = 0, 1, 2, . . . , then the set {`n k´: n = 0, 1, 2, . . . } is dense in the ring Z p of p-adic integers, i.e., it contains a complete system of residues modulo any power of p.
Introduction
Those integers T n = n k=0 k = n(n + 1)/2 with n ∈ N = {0, 1, 2, . . . } are called triangular numbers. In a recent paper Z. W. Sun posed the following challenging conjecture. Conjecture 1.1 (Sun [S] ). Each natural number n = 216 can be written in the form p + T m with m ∈ N, where p is zero or a prime. Furthermore, for any a, b ∈ N and odd integer r, all sufficiently large integers can be written in the form 2 a p + T m with m ∈ N, where p is either zero or a prime congruent to r mod 2 b .
A key motivation of the conjecture is Sun's following simple observation: The set {T n : n ∈ N} contains a complete system of residues modulo a positive integer m if and only if m is a power of two. Since T n = n+1 2 , in general it is interesting to investigate the so-called k-good numbers given in the following definition.
contains a complete system modulo m, then we call m a k-good number.
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1
Clearly all positive integers are 1-good and 1 is k-good for all Let k > 1 be an integer. If p > k is a prime, then p is not k-good since
is not a complete system of residues modulo p. (Note that
+ is k-good, then m has no prime divisor greater than k. For an integer k > 1, a prime p > k and an integer r ∈ [1, p − 1] = {1, . . . , p − 1}, the congruence Our main result is as follows.
Theorem 1.1. Let p be a prime and a ∈ N = {0, 1, 2, . . . }. Let k be an integer with p a k < 2p a . Then, for any b ∈ N and r ∈ Z there is an integer n ∈ [0,
Here is a consequence of Theorem 1.1.
Corollary 1.1. Let p be a prime and k ∈ Z + with log p (k/2) < ⌊log p k⌋.
Then 1, p, p 2 , . . . are k-good numbers and the set { n k
: n ∈ N} is a dense subset of the ring Z p of p-adic integers.
Below we prove that { n k : n ∈ N} is dense in Z p . Any given p-adic integer α has a unique representation in the form
Let b ∈ N. By Theorem 1.1, for some n ∈ N we have
where | · | p is the p-adic norm. This concludes the proof. For any k ∈ Z + there is a unique a ∈ N such that 2 a k < 2 a+1 . Thus Theorem 1.1 or Corollary 1.1 implies the following result. Corollary 1.2. Let k ∈ Z + . Then any power of two is k-good and hence the set { n k : n ∈ N} is a dense subset of the 2-adic integral ring Z 2 . Definition 1.2. A positive integer k is said to be good any power of a prime p k is k-good, i.e., { n k : n ∈ N} is a dense subset of Z p for any prime p k. Theorem 1.1 implies that 1, 2, 3, 4, 5, 9 are good numbers. To obtain other good numbers, we need to extend Theorem 1.1. Theorem 1.2. Let p be a prime and a ∈ N.
Then, for any b ∈ N, the set { n k : n ∈ [0, p a+b − 1]} contains a complete system of residues modulo p b Corollary 1.3. Let p be an odd prime and q ∈ {1, . . . , (p − 1)/2}. Then, for any a ∈ Z + and b ∈ N, the number p b is (p a q + 1)-good.
Proof. Let k 1 = q, k 0 = 1, and k = p a k 1 + k 0 = p a q + 1. As
Applying Theorem 1.2, we immediately obtain the desired result. From Theorem 1.2 we can deduce the following result. 1.3. 11, 17, 29, 191 are good numbers.
We conjecture that there are only finitely many good numbers, perhaps 1, 2, 3, 4, 5, 9, 11, 17, 29, 191 are the only good numbers.
In Sections 2, 3 and 4 we will prove Theorems 1.1, 1.2, and 1.3 respectively.
Proof of Theorem 1.1
We use induction on b. The case b = 0 is trivial, so we proceed to the induction step. Now fix b ∈ N and r ∈ Z. Suppose that m ∈ Z, n = k + p a m ∈ [0, p a+b − 1] and n k ≡ r (mod p b ). Let q be the smallest nonnegative residue of (r − n k
By the Chu-Vandermonde convolution identity (cf. [GKP, (5.22 )]),
If 1 j k and j = p a then p a ∤ j and hence
Note also that
So it suffices to show that n k − p a ≡ 1 (mod p).
By the Chu-Vandermonde identity,
Combining the above we have completed the proof by induction.
Proof of Theorem 1.2
In this section we need the following basic result of Lucas.
Lucas' Theorem (cf. [Gr] and [HS] ). Let p be any prime, and let
Proof of Theorem 1.2. We claim that for each b = 0, 1, 2, . . . the set { n k : n ∈ S(b)} contains a complete system of residues modulo p b , where
and {n} p a denotes the least nonnegative residue of n mod p a . The claim is trivial for b = 0 since
As the degree of the polynomial
Combing with with the supposition in Theorem 1.2, we see that for any r ∈ [0, p−1] there are n 0 ∈ [0, p a −1] and n 1 ∈ [0, p−1] satisfying (1.2), (1.3) and the congruence
by Lucas' theorem. This proves the claim for b = 1. Now let b ∈ Z + and assume that { n k
: n ∈ S(b)} contains a complete system of residues modulo p b . We proceed to prove the claim for b + 1. Let r be any integer. By the induction hypothesis, there are n ∈ [0,
where n 0 = {n} p a . So, there is a unique q ∈ [0, p − 1] for which
Clearly
As in the proof of Theorem 1.1, we have
By Lucas' theorem, for 1 j ⌊k/p a ⌋ = k 1 we have
and hence
). This concludes the induction step. In view of the above we have proved the claim and hence the desired result follows.
Proof of Theorem 1.3
(i) We first prove that 11 is good. Since 2 3 < 11 < 2 4 , 3 2 < 11 < 2 × 3 2 , 7 < 11 < 2 × 7, and 11 = 2 · 5 + 1 with 2 (11 − 1)/5, by Theorem 1.1 and Corollary 1.3, 11 is good.
(ii) Now we want to show that 17 is good.
Observe that 2 4 < 17 < 2 5 , 3 2 < 17 < 2 × 3 2 , 11 < 17 < 2 × 11, and 13 < 17 < 3 · 13. By Theorem 1.1, p b is 17-good for any p = 2, 3, 11, 13 and b ∈ N.
Note that 
